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Abstract. We present conditions on families of diffeomorphisms that guarantee statisti- 
cal stability and SRB entropy continuity. They rely on the existence of horseshoe-like sets 
with infinitely many branches and variable return times. As an application we consider 
the family of Henon maps within the set of Benedicks-Carleson parameters. 
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1. Introduction 



X 

d ■ A physical measure for a smooth map / : M — M on a manifold M is a Borel probability 

measure /i on M for which there is a positive Lebesgue measure set of points x G M, called 
the basin of fi, such that 

^ n—l 

lim -^^/.(x) ™/x (1.1) 

j=0 

in the weak* topology, where 5z stands for the Dirac measure on z E M. Sinai, Ruelle and 
Bowen showed the existence of physical measures for Axiom A smooth dynamical systems. 
These were obtained as equilibrium states for the logarithm of the Jacobian along the 
unstable direction. Besides, such probability measures exhibit positive Lyapunov exponents 
and conditionals which are absolutely continuous with respect to Lebesgue measure on 
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local unstable leaves; probability measures with the latter properties are nowadays known 
as Sinai-Ruelle-Bowen measures {SRB measures, for short). 

Statistical properties and their stability have met with wide interest, particularly in 
the context of dynamical systems which do not satisfy classical structural stability. This 
may be checked through the continuous variation of the SRB measures, referred in |AVj 
as statistical stability. Another characterization of stability addresses the continuity of 
the metric entropy of SRB measures. Although an old issue, going back to [NJ and |Ylj 
for example, this continuity (topological or metric) is in general a hard problem. Notice 
that for families of smooth diffeomorphisms verifying the entropy formula, see [LY2] , and 
whose Jacobian along the unstable direction depends continuously on the map, the entropy 
continuity is an immediate consequence of the statistical stability. This holds for instance 
in the setting of Axiom A attractors whose statistical stability was established in [R] and 
jM] . The regularity of the SRB entropy for Axiom A flows was proved in [C]. Analiticity 
of metric entropy for Anosov diffeomorphisms was proved in ^ . 

More recently, statistical stability for families of partially hyperbolic diffeomorphisms 
with non- uniformly expanding centre-unstable direction was established in [Vj. Due to the 
continuous variation of the centre- unstable direction in the partial hyperbolicity context, 
the entropy continuity follows as in the Axiom A case. Statistical stability for Henon maps 
within Benedicks-Carleson parameters have been proved in [ACF] : the entropy continuity 
for this family is a more delicate issue, since the lack of partial hyperbolicity, mostly due 
to the presence of "critical" points, originates a highly irregular behavior of the unstable 
direction. In the endomorphism setting, many advances have been obtained for important 
families of maps, for instance in \RS\ IT21 ITll lAVt IXl [0 IFTj concerning statistical stability, 
and in |AOTj for the entropy continuity. Actually, our main theorem may be regarded as 
a version for diffeomorphisms of the entropy continuity result in [AOTj . 

In this work we give sufficient conditions on families of smooth diffeomorphisms for the 
statistical stability and the continuous variation of the SRB entropies. The families we 
study here, though having directions of non-uniform expansion, do not allow the approach 
of the hyperbolic case, since no continuity assumptions on these directions with the map 
will be assumed. Instead, we consider diffeomorphisms admitting Gibbs-Markov structures 
as in [Y2j that may be thought as "horseshoes" with infinitely many branches and variable 
return times. This is mainly motivated by the important class of Henon maps presented 
in the next paragraph. Our assumptions, which have a geometrical and dynamical nature, 
ensure in particular the existence of SRB measures. Gibbs-Markov structures were used 
in |Y2] to derive decay of correlations and the validity of the Central Limit Theorem for 
the SRB measure. Here we prove that under some additional uniformity requirements on 
the family we obtain statistical stability and SRB entropy continuity. 

The major application of our main result concerns the Benedicks-Carleson family of 
Henon maps, 

fa,b: ffi' ^ (1.2) 
{x,y) I — > {1 — ax"^ + y,bx). 

For small 6 > values, fa,b is strongly dissipative, and may be seen as an "unfolded" version 
of a quadratic interval map. It is known that for small b there is a trapping region whose 
topological attractor coincides with the closure of the unstable manifold W of a fixed point 
z* ij of fa,b- In |BC] it was shown that for each sufficiently small 6 > there is a positive 
Lebesgue measure set of parameters a G [1,2] for which fa^t has a dense orbit in W with 
a positive Lyapunov exponent, which makes this a non-trivial and strange attractor. We 
denote by BC the set of those parameters (a, b) and call it the Benedicks-Carleson family 
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of Henon maps. As shown in |BY1] , each of these non-hyperbohc attractors supports a 
unique SRB measure fia,b, whose main features were further studied in [BY21 IBVlt IBV2] . 
In |BY2] a Gibbs-Markov structure was built for each fa^b with (a, b) G BC, which has 
been used to obtain statistical behavior of Holder observables. These structures have also 
been used in |ACFj to deduce the statistical stability of this family. In this work we add 
the metric entropy continuity with respect to these measures. 

1.1. Gibbs-Markov structure. Let f : M ^ M he C'' diffeomorphism {k > 2) defined 
on a finite dimensional Riemannian manifold M, endowed with a normalized volume form 
on the Borel sets that we denote by Leb and call Lebesgue measure. Given a submani- 
fold 7 C M we use Leb^ to denote the measure on 7 induced by the restriction of the 
Riemannian structure to 7. 

An embedded disk 7 C M is called an unstable manifold if dist(/~"(a:), f~^{y)) — as 
n — i> 00 for every x,y E ■y. Similarly, 7 is called a stable manifold if dist(/"'(a:), f"'{y)) — >■ 
as n 00 for every x, ?/ G 7. 

Definition 1. Let be the unit disk in some Euclidean space and Emb^(L'",M) be the 
space of embeddings from into M. We say that = {7"} is a continuous family 
of unstable manifolds if there is a compact set K'^ and : x M such that 

i) 7" = $"({a;} X D^) is an unstable manifold; 

ii) maps x D"^ homeomorphically onto its image; 

iii) X ^ ^^\{{x} X D^) defines a continuous map from K' into Emb^(D",M). 
Continuous families of stable manifolds are defined similarly. 

Definition 2. We say that A C M has a hyperbolic product structure if there exist a 
continuous family of unstable manifolds F" = {7"} and a continuous family of stable 
manifolds F'' = {7*} such that 

i) A = (U7") n (U7"); 

ii) dim 7" + dim 7'^ = dimM; 

iii) each 7'^ meets each 7" in exactly one point; 

iv) stable and unstable manifolds meet with angles larger than some > 0. 

Let A C M have a hyperbolic product structure, whose defining families are F'^ and F". 
A subset To C A is called an s-subset if Tq also has a hyperbolic product structure and 
its defining families Fq and Fq can be chosen with Fq C F'' and Fq = F"; u-subsets are 
defined analogously. Given x G A, let 7*(x) denote the element of F* containing x, for 
* = s,u. For each n > 1, let (/")" denote the restriction of the map f^ to 7"-disks, and let 
det D{f'^Y be the Jacobian of D{f^)^. In the sequel C > and < /3 < 1 are constants, 
and we require the following properties from the hyperbolic product structure A: 

(Pq) Positive measure: for every 7 G F" we have Leb-y(A fl 7) > 0. 

(Pi) Markovian: there are pairwise disjoint s-subsets Ti, T2, ■ ■ ■ C A such that 

(a) Leb^ ((A \ UT^) n 7) = on each 7 G F"; 

(b) for each z G N there is Tj G N such that /"^'(Tj) is a w-subset, and for all x G Tj 

r(7^(x)) C 7^(r (x)) and T (7"(a:)) D 7"(r (a:)); 

(c) for each n G N there are finitely many i's with = n. 
(P2) Contraction on stable leaves: for each 7'^ G F'^ and each y G 
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For the last two properties we introduce the return time i?: A — >• N and the induced map 
F = f^: A — i> A, which are defined for each i G N as 

R\r,=n and f^\r^ = p\r^, 

and, for each x, y G A, the separation time s{x,y) is given by 

s{x,y) = min {n > 0: and he in distinct T^s} . 

(P3) Regularity of the stable foliation: 

(a) for y G Y{x) and n > 

(b) given 7, 7' G F", we define 6: 7'nA^7nAby 6(x) = 7''(a;) fl 7. Then is 
absolutely continuous and 

c^(e,Leby) det Df^f%x)) 

dLeh^ lldetD/«(f (e-i(x)))' 

(c) letting v{x) denote the density in item (b), we have 

log 44 < ) , for X, 1/ G 7' n A. 

v{y) 

(P4) Bounded distortion: for 7 G F" and x, ?/ G A fl 7 

detD(/^)"(x) 
^'^detDif^ny)-^^ 

Remark 1.1. We do not assume uniform backward contraction along unstable leaves as 
(P4)(a) in jY2]. Properties dP^Kc) and Q are new if comparing our setup to that in 
|Y2] . However, these are consequence of (P4) and (P5) of [Y2j as done in |Y2l Lemma 1]. 



In spite of the uniform contraction on stable leaves demanded in ( IP2D , this is not too 
restrictive in systems having regions where the contraction fails to be uniform, since we are 
allowed to remove stable leaves, provided a subset with positive measure of leaves remains 
in the end. This has been carried out for Henon maps in [B Y2j . 

1.2. Uniform families. Let JF be a a family of maps {k > 2) from the finite dimen- 
sional Riemannian manifold M into itself, and endow JF with the topology. Assume 
that each map f ^ T admits a Gibbs-Markov structure Aj as described in Section [TTTl Let 
Fj = {7j} and Fj = {7^} be its defining families of unstable and stable curves. Denote 
by i?/ : Aj — »• N the corresponding return time function. 

Given /q G T , take a sequence /„ G such that /„ /o in the topology as n ^ 00. 
For the sake of notational simplicity, for each n > we will indicate the dependence of 
the previous objects on just by means of the index or supra-index n. If 7^ G F^ is 
sufficiently close to 7q G Fq in the topology, we may define a projection by shding 
through the stable manifolds of Aq 

^n: 7:nF^ — > 7o 

z ^ 7o'Wn7o" 

and set 

i]o = 7onAo, n^^ = H;;\no), fi„ = 7nnA„, = H^in^nn^j. (1.3) 
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Given /c G N and positive integers ii,...,ik, we denote by T"^^ the s-sublattice that 
satisfies Fi{Tl_,J C for every 1 < j < and F„^(Tj;,...,iJ ="tJ',. 

Definition 3. JF is called a uniform family if the conditions dUpD - dUsI ) below hold: 

(Uq) Absolute constants: the constants C and (3 in ( |P2D ,( [P3| ) and ( IP4D can be chosen 
the same for all f ^ T . 

(Ui) Proximity of unstable leaves: there are unstable leaves 70 G Fq and 7^ G r„ such 
that 7„ — 7o in the topology as n — > 00. 

(U2) Matching of structures: defining the objects of (11.31) with 7„ replacing 7^, we have 

Leb;^,^ (QnAQi) — > 0, as n ^ 00. 

(U3) Proximity of stable directions: for every z & Qq (1 Qq we have 7^(-2) — > 7o(^) the 
topology as n ^ 00. 

(U4) Matching of s-sublattices: given N,k e N and with i?o(T°.) < N for 

1 < j < fc, there is T^^^ such that i?„(T^J = i?o(T° ) for 1 < j < and 

Leb^„ {H^{Tl_,^n%)A{Tl_,^n%)) ^0, as n ^ oo. 

(U5) Uniform tail: given e > 0, there are = N{e) and J = J{e, N) such that 

00 

^ Leb^„{i?„ = j} < e, Vn > J. 

This last property ensures in particular that Rn d Leb^„ < 00 for large n, which by 
|Y2[ Theorem 1] implies the existence of an SRB measure for each /„. 



Remark 1.2. Using that stable and unstable manifolds of /o meet with angles uniformly 
bounded away from zero at points in Aq, and the proximities given by dUiD and ( IU3D , 
it follows that there is some 6' > such that, for n large enough, the stable manifolds 
through points in meet 7„ with an angle bigger than 9. Together with ( IP3D and dUiD , 
this implies that: 

i) (i?„)*Leb^^ <^ Leb^^, with uniformly bounded density; 

a) '^^^Lcb'"'^'^^" 1 on L^(Leb;yo), as ^ 00. 

1.3. Statement of results. Consider a family JF such that each f ^ T admits a unique 
SRB measure /i/. Letting P(M) denote the space of probability measures on M endowed 
with the weak* topology, we say that T is statistically stable if the map 

jr — , p(M) 

/ ' — ' /^/. 

is continuous. In the sequel /i^^, denotes the metric entropy of / with respect to the 
measure fif. 

Theorem A. Let J-" be a uniform family such that each f ^ T admits a unique SRB 
measure. Then 

(1) J-' is statistically stable; 

(2) T 3 f ^ is continuous. 

Corollary B. The family BC is statistically stable and the map BC 3 {cL,b) h^^^ is 
continuous. 
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This corollary follows immediately after building Gibbs-Markov structures satisfying 
dPoD ^ dPlI ); as was done in |BY2j . and verifying the uniformity conditions dUpD - dUs] ), as in 
|ACF] . For the sake of clearness, the following list specifies exactly where each property is 
obtained. 



(Po) 


[BY2, Proposition A(3)] 


(Pi) 




BY2, Proposition A(l),(2)] 


(P2) 




BY2, Proposition A(2)] 


dPslXa) 


[BY2, Sublemma 8] 


dPslXb) 


[BY2, Sublemma 10] 


(PsIXc) 


[BY2, Sublemma 11] 


(P4) 




BY2, Sublemma 9] 


(Uo) 


[ACF, Sections 6,7,8] 


(Ui) 


Hyperbolicity of the fixed point z* 


(U2) 


[ACF, Section 6 in particular Corollary 6.4] 


(U3) 




ACF| Section 7 in particular Proposition 7.3] 


(U4) 




ACP, Section 8 in particular Proposition 8.9] 


(U5) 


[BY2, Proposition A(4)] 



Concerning ( |UoD and ( IU5D , observe that the constants depend exclusively on the max- 
imum value for 6 > and the minimum for a < 2 in the choice of Benedicks-Carleson 
parameters. 



2. Quotient dynamics and lifting back 

In this section we shall analyze some dynamical features of a diffeomorphism / admitting 
A with a Gibbs-Markov structure that verifies properties ( |PoD - (|P4D - Consider a quotient 
space A obtained by collapsing the stable curves of A; i.e. A = A/ ~, where 2; ~ 2;' if and 
only if z' G Yi^)- Since by ( |PiD (b) the induced map F = : A — > A takes 7'^ leaves to 7'^ 
leaves, then the quotient induced map F : A — > A is well defined and if Tj is the quotient 
of Tj, then F takes the sets Tj homeomorphically onto A. Given an unstable leaf 7, the 
set 7 n A suits as a model for A through the canonical projection tt : A — > A. We will 
see in Section 12.11 that we may define a natural reference measure rh on A. Besides, F is 
an expanding Markov map (see Lemma [2.11) . thus having an absolutely continuous (w.r.t 
m), F-invariant probability measure /i. Moreover, if jl denotes the F-invariant measure 
supported on A then jl = 7f^,(/i). 

To build an SRB measure /i out of /2 is just a matter of saturating the measure /i. The 
existence of the measures fi, jl and the fact that /2 = 7f^,(/i) follows from standard methods, 
which can be found for instance in |Y2j . For the sake of completeness we will present 
the construction of the SRB measure, also having in mind how some properties can be 
carried up through the lifting. We will accomplish this by adapting some ideas used in the 
construction of Gibbs states; see [B]. 

2.1. The natural measure. The purpose of this subsection is to introduce a natural 
probability measure m on A and establish some properties of the Jacobian of F with 
respect to fh. Moreover, we show the existence of an F-invariant density p with respect to 
the measure fh. 

Fix an arbitrary 7 G F". The restriction of 7f to 7 H A gives a homeomorphism that we 
denote by : 7 fl A ^ A. Given 7 G F" and x G 7 fl A let a; be the point in 7^(0;) fl 7. 
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Defining for x G 7 H A 



ulx) 



n 

i=0 



detD/«(f(x)) 



(2.1) 

For each 7 G F" let 



we liave tliat u satisfies the bounded distortion property ([PsjK 
be the measure in 7 such that 

(iLeb-y 

where l^nA is the characteristic function of the set 7 fl A. These measures have been 
defined in such a way that if 7, 7' G F" and G is obtained by shding along stable leaves 
from 7 n A to 7' n A, then 

Q*m-y = my. (2.2) 

To verify this let us show that the densities of these two measures with respect to Leb^ 
coincide. Take x G 7 fl A and x' G 7' fl A such that B(x) = x'. By (|P3D (b) one has 



(i9* Leb 



d Lehy 



'x 



U[X 



uix) 



which implies that 



dQ^m 



d Leby 



7 / i\ 
'x 



^ . , (i6* Leb^ , 



uix') 



dmy . 
'x ). 



d Leby 



Conditions ( |PoD and (12.21) allow us to define the reference probability measure m whose 
representative in each unstable leaf 7 G F" is exactly ^-^^ m^. 

Let T : (Xi, mi) (X2, be a measurable bijection between two probability measure 
spaces. T is called nonsingular if it maps sets of zero mi measure to sets of zero m2 
measure. For a nonsingular transformation T we define the Jacobian of T with respect 

to mi and m2, denoted by Jmi,m2(^)) the Radon-Nikodym derivative ■ By 

assertion (1) of the following lemma it makes sense to consider the Jacobian of the quotient 
map F : (A,m) (A, m) that we simply denote JF. 



Lemma 2.1. Assuming that F(7 fl Tj) C 7' for G F", let JF{x) denote the Jacobian 
of F with respect to the measures m^ and my . Then 

(1) JF{x) = JF{y) for every y G 7'*(x); 

(2) there is Cq > such that for every x, y G 7 fl Tj 



JF(x) 



JFiy) 



1 



(3) for every G N and any k positive integers ii, . . .ik, there is Ci > such that for 
every X, ye Tij,...,^, n7 

JF^ix) 



JF^{y) 



<Ci. 



Proof. (1) For Leb^ almost every x G 7 fl A we have 

JF{x) = \det DF^'ix) 



u{F{x)) 



uix) 



(2.3) 
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Denoting ip{x) = log | det Df^{x)\ we may write 
logJF(x) = + 

1=0 

oo 

^(^(f(x))-^(f(x)) 

1=0 

oo 



i=0 1=0 

oo 



1=0 

_R~1 oo 



i=0 i=0 



Thus we have shown that JF{x) can be expressed just in terms of x and F{x), which is 
enough for proving the first part of the lemma. 

(2) It follows from (O that 

, JF(x) , detDF^fx) , u(F(x)) , u(y) 

log — = loK — + loe; ^ ^ + loe: 

^ JF{y) ^ det DF^iy) ^ u{F{y)) ^ u{x) 

Observing that s{x,y) > s{F{x), F{y)) the conclusion follows from ([P^(c) and (jPj). 

(3) Again, from fl2.3p . we obtain 

, JFHx) , detD(F'=)"(x) , u(F''(x)) , u(y) 
loe — = loe — - — — + loe — ^ — + loe — ^ 

^ JF'^iy) ^ det D {F^Y (y) ^ ^ u{F^{y)) ^ u{x) ' 

By (IP4D we have 



The remaining terms are easily controlled once again due to ( [PsD fc). □ 

Lemma 2.2. The map F : A — A has an invariant probability measure ft with dp, = pdrh, 
where K^^ < p < K, for some K = K{Ci,(5) > 0. 

Proof. We construct p as the density with respect to rh of an accumulation point of /i^"-* = 
^/nJ2i=o Fl{rh). P^"^^ denote the density of and ff the density of F*(m). Also, 
let p* = Pj, where p* is the density of F*(m|cr*) and the aj's range over all components 
of A such that F(crj) = A. 

Consider the normalized density p* = p*/m((T*). We have for x' G a* such that x = F {x') 
and for some y' G aj 

By Lemma 12.1( 2) we have for every k = 1, . . . ,i 

JF{F''\y')) ^ (^^^s{F\y'),F\.')) 1 < rc'^^(-fc)+^(^,5)| , 

from where we conclude that 



pUx) 



< exp \ Ci/3*(^'^) i < exp {Ci/(1 - /?)} = K. 

I i>o J 
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Observe that we also get 



JF ix') 



(m(A)) < K, 



Pj[^) JF{y') 

which yields > K^"^. Now, since = Ylj''^i'^j)Pp have ^ ^ K which 

implies that K^^ < p*^"-' < K, from where we obtain that K^^ ^ p ^ K. □ 

2.2. Lifting to the Gibbs-Markov structure. We now adapt standard techniques for 
lifting the F- invariant measure on the quotient space to an F- invariant measure on the 
initial Gibbs-Markov structure. 

Given an F-invariant probability measure /I, we define a probability measure /i on A as 
follows. For each bounded : A — > M consider its discretizations (p* : 7 fl A ^ M and 
0* : A ^ M defined by 

(j)'{x) = m{{(j){z) : z G 7^(a;)}, and 0* = 0* o 7r"\ 

If is continuous, as its domain is compact, we may define 

var 0(fc) = sup {|0(z) - 0(C) | : \z - C\ < Cp'} , 

in which case var0(fc) — > as A; ^ 00. 

Lemma 2.3. Given any continuous : A — > M, for all k,l E N we have 



(2.4) 



y (0 o F'^ydp - y (0 o F^+^)*dp 



< var 0(/c). 



Proof. Since p is F-invariant 

boF^Ydp- [ {(t)oF^+^Ydp 



o F^y o F'dp 



< 



o o F - (0 o F 



By definition of the discretization we have 



oF'^)* oF'(x) = inf <{0(z) : zeF" {YiF\x)) 



k I „,S I 



oF' 



k+l\* 



k+l\* 1- 



dp 



dp. 



and 



(0 o F^+')*(a;) = inf {0(C) : C e F'^+' (7^ (x))} 
Observe that F^+' (7" (x)) C F^ (^Y(f\x))^ and by (jP^) 

diamF'^ f7^(F'(x))) <C(3\ 



Thus, 



o F'^)* o f' 



< vai(j){k). 



□ 



By the Cauchy criterion the sequence (/ (0 o F''ydp)j^^^ converges. Hence, Riesz Rep- 
resentation Theorem yields a probability measure p on A 



(f)dp := lim / {(PoF^ydp 



(2.5) 



for every continuous function : A 



Proposition 2.4. The probability measure p is F-invariant and has absolutely continuous 
conditional measures on j'^ leaves. Moreover, given any continuous : A — >■ M we have 
(1) |/0rf/i- /(0oF*^)*d/i| < var0(fc); 
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(2) if (f) is constant in each Y, then J (pdjl = J (pdfi, where : A — > M is defined by 
4>{x) = 4>{z), where z G v:^^{x); 

(3) ij is constant in each 7'^ and ip : A ^ W is continuous, then 



tlj.(j)djl- {tfjo F^y{(f)o F'^ydfL 



< 



Proof. Regarding the F-invariance property, note that for any continuous : A ^ R, 

j ^ o Fdfl = \im j {(j) o F^+^y dji = j (pdfl, 

by Lemma 12.31 Assertion ([T]) is an immediate consequence of Lemma 12.31 Property 
follows from 



(j)dfi 



lim / (0oF'')*d/i= lim / (poF^d^i 



(jydfi, 



which holds by definition of fi, (p* and the F-invariance of n. For statement ([3]) let : A ^ 
M be defined by 0(x) = (p{z), where z G Tf~^{x). For any k, I positive integers observe that 



{ip.(t)oF^ydji= (ijo F''y{(f)o F'^ydfL 



and 



j (^0 o F^+^ydpi - y (v^0 o F^ydpi = j{i)o F^+^ycj) o f'^+'c/^ - jii^o F^ycp o F^dji 



< 



\{ipoF 



k+l\ 



(^oF'^)*oF'| |0oF'=+'|rf/i 



< varV'(A;)||0||; 



Inequality ([3]) follows letting / go to 00. 

We are then left to verify the absolute continuity. While the properties proved above are 
intrinsic to the lifting technique, the disintegration into absolutely continuous conditional 
measures on unstable leaves depends on the definition of the reference measure ffi and 
the fact that /i = prh. Fix an unstable leaf 7" G F". Denote by \u the conditional 
Lebesgue measure on 7". Consider a set F C 7" such that A^«(F) = 0. We will show 
that jl^u[E) = 0, where fi^n denotes the conditional measure of fl on 7", except for a 
few choices of 7". To be more precise, the family of curves F" induces a partition of A 
into unstable leaves which we denote by C. Let vr^ : A £ be the natural projection 
on the quotient space £, i.e. nci^) = 7"(-2)- We say that Q G C is measurable if and 
only if 71^^ (Q) is measurable. Let jl = {nc)*{fl), which means that /i(Q) = li{7i-\Q)). 
We assume that by definition of F" there is a non- decreasing sequence of finite partitions 
£1 -< £2 -<•••-< ^ •• • such that C = Vi^i '^n- Thus, by Rokhlin disintegration 
theorem (see [BDV[ Appendix C.6]) there is a system {ft^u)^^^^ of conditional probability 
measures of fl with respect to £ such that 

• /i^u(7") = 1 for fl- almost every 7" G 

• given any bounded measurable map : A ^ M, the map 'J^ ^ J (pdfi^u is measur- 
able and / (pdfi = J {J 4>dfi^u^ dfi. 

Let F = vr(F). Since the reference measure m has a representative on 7" which 
is equivalent to A^«, we have m^u[E) = and m{E) = 0. As /2 = prh, then p{E) = 0. 
Let 0„ : A ^ R be a sequence of continuous functions such that 0„, ^ 1^ as n ^ 00. 
Consider also the sequence of continuous functions 0„ : A — ^ M given by 0„ = 0„ o 7f. 
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Clearly 0„ is constant in each 7^* stable leaf and 0„ — !£■ o vf = l^-i^^') as n — 00. By 
Lebesgue dominated convergence theorem we have / (pndjl — > / l^~-i(^g^dji = jl (^n^^(E)) 
and / (pndp, — > / l^dfi = yu(-E) = 0. By ([21) we have / = / (pndfl. Hence, we must have 
ft (7f^^(i?)) = 0. Consequently, 

which implies that fl^u (^7!-~^{E) fl 7") = for /t-almost every 7". □ 

Remark 2.5. Since the continuous functions are dense in L^, properties ([2]) and ([3]) also 
hold when (p E L^, hj dominated convergence. 

2.3. Entropy formula. Let fi be the SRB measure for F obtained from /2 = prh as 
in (12.51) . We define the saturation of fi by 

00 

/^* = E/*(/^li^>0)- (2.6) 

(=0 

It is well known that /i* is /-invariant and that the finiteness of /i* is equivalent to J Rdfi = 
j Rdfi < 00. By construction of and m and /2, the finiteness of fi* is also equivalent to 
J_^^j^RdLeh^ < 00. Clearly, each fl{p,\{R> I}) has absolutely continuous conditional 
measures on {/'7"}, which are Pesin unstable manifolds. Consequently 



^ /i*(M)^ 



is an SRB measure for /. 



Lemma 2.6. If X is a Lyapunov exponent of fi, then A/cr is a Lyapunov exponent of fi, 
where a = Jj^Rdfi. 

Proof. As /i is obtained by saturating fi in (12. 6p . one easily gets /i*(A) > /2(A) = 1, and 
so /x(A) > 0. By ergodicity, it is enough to compare the Lyapunov exponents for points 
z e A. Let n be a positive integer. We have for each z E A 

n-l 

F'^iz) = f^-^'\z), where Sn{z) = ^R{F\z)). 

As Sn{z) = Sn{C) Lebesgue almost every z E A and ( close to z, we have for v G T^M 

^ \og\\Df'-^^\z)v\\ = ^^log\\DF-{z)v\\. (2.7) 



Sn{z) nSniz 

Since fx is ergodic, Birkhoff ergodic theorem yields 



lim = I jidj2 = a (2.8) 



n^oo Ti 

for /t almost every z E A. □ 
Proposition 2.7. Let JF be the Jacobian of F with respect to the measure rh on A. Then 



= a ^ / log JFdm. 

J A 
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(2.9) 



Proof. By |LY2| Corollary 7.4.2] we have 

h^ = ^ \i dim Ei, 

where Aj are Lyapunov exponents of /i and the corresponding linear spaces given by 
Oseledets' decomposition. By Lemma 12.61 we have 

= a'^ ^ \i dim Ei, 

\i>0 

where Aj are Lyapunov exponents of fl. As a consequence of Oseledets theorem we may 
also write 



Xi dim Ei= log det DF^'djl. 



According to (12. 3p . 



log JFdfi = / log det DF'^dfi + / log u o Fdfi — / log udii 
A J A J A J A 

log det DF^'dfl, 

where the last equality follows from the F-invariance of fl. Finally, since by Lemma 12.11 
JF is constant in each 7*-leaf it follows from Proposition 12.41 ([2]) that 



log JFdfi = / log JFdm. 
A J A 



□ 



3. Statistical Stability 

Let be a uniform family of maps. Fix /o G and take any sequence (/„)«>! in ^ such 
that /„ — * /o, as n — > oo, in the topology. For each n > 0, let /i„ denote the (unique) 
SRB measure for /„. Given n > 0, the map fn & admits a Gibbs-Markov structure A„ 
with F" = {7"} and F^ = {7^} its defining families of unstable and stable leaves. Consider 
Rn : An ^ N the return time, F„ : A„ ^ A„ the induced map, 7„ the special unstable 
leaf given by condition ( |UiD and iJ„ : 7„ fl Fq ^ 70 obtained by sliding through the stable 



leaves of Aq. Recall that fig = Hn{% H A„) and fio = 7o H Aq. 



Remark 3.1. Since /„ /o, as n — > cxd, in the topology and dUiP holds, then for every 
e > and £ G N, there exists Nq such that for every n > Nq we have 



max {\{fnoH, 



-1 



||7n. - 7o||i < 

/o)(x)|,...,|(/^i7-^-/oO(x)|}<e, 



and 



max 



log 



detDf:iUoH-\x)) 



detDf^ifoix)) 



log 



detDfMoH~\x)) 



det DfMix)) 



< e. 



Our goal is to show that /i„ /iq in the weak* topology, i.e. for each continuous 
function g : M ^ M. the sequence / g d^n converges to f g d^Q. We will show that given 
any continuous (7 : M — > M, each subsequence of J g dfin admits a subsequence converging 
to / gdfiQ. 
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3.1. Convergence of the densities on the reference leaf. In Section [2.11 we built a 
family of holonomy invariant measures on unstable leaves that gives rise to a measure m„ 
on A„. Moreover, 

(7r„)*m^„ = m„ and = l^„nA„ Leb^„, (3.1) 

where stands for the indicator function. By Lemma [2.21 for each n > there is an 
F„- invariant measure /2„ = Pnm„ with ||p„||oo < K for all n > 0. We define the sequence 
{Qn)n>o of functions in 70 as 

Qn = Pn°T^n° ■ 1^-, (3.2) 

which in particular gives 

^0 = Po o ^0- 

The main purpose of this section is to prove that the sequence {Qn)nm converges to qq in 
the weak* topology. By Banach-Alaoglu theorem there is a subsequence (fPnJjgN converging 
to some ^oo £ I/°°(Leb^Q) in the weak* topology, i.e. 



(iLeb 



70 



9q^g? Leb^P , 



G Li(Leh 



10) 



(3.3) 



The following lemma establishes that integration with respect to m„ is close to integration 
with respect to Qn Leb^^, up to a small error. 



Lemma 3.2. Let (p G L°°{mn). If n is sufficiently large, then 



/ (f)pn drrin - / {(p o 7fn o H^n,^)gnd Leb^^ 



<i^||0l|ooQn, 



where Qn = Leb^„(i7° A f2„) + d{Hn)* Leb^„ - Leb, 



-"70 



Proof. By (13. ip . we have 0p„ drrin = (0 o Tin){.Pn ° 7r„) (iLeb^„ . It follows that 



oTinoH^ )Qnd'Leh. 



70 



< 



o 7T"n)(Pn o 7r„) d Leb^„ 



+ 



/ (0o7r„)(p„o^„) rfLeb^„ - / (0 o 7r„ o if^ i)^„ rfLeb^j, 



<ir||0|ULeb^„(fiO Ar], 



+ 



/ (0 o 7r„ o iJ„ ^)^„ rf(ifn)* Leb^„ - / (0 o ^„ o i:^,^^ ^)^„ Leb^Q 



d(ifn) * Leb;y„ — / ciLeb, 



^70 



□ 



Consider the maps Gq : % ^ % and G„ : 70 — > 7„ defined by 

Go = tTq"^ o Fo o tto and Gn = vr^^ o F„ o 7r„ o H^'^. 

Lemma 3.3. For every e > 0, n G N sufficiently large and Leh^fQ-almost every x G 
fio n n = £} n {i?o = ^} have \Gn{x) - Go{x)\ < e. 
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Proof. Consider a point x G fio H i^g fl = fl {Rq = £}. We may assume that Gn{x) is 
a Lebesgue density point of Qn- Then, using ( IU2D and the continuity of the stable fohation 
(see Definition!!] (iii)), for sufficiently large n G N we may guarantee the existence of a point 
y E fln^^n such that 7^(y) is at most £:sin(6')/4 apart from 7^(G„(x)) in the C"^-norm; 



recall Remark II .21 Using ( IU3D we may assume that n G N is also sufficiently large so that 
the distance in the norm between Jniv) and 7o(y) is at most £sin(6')/4. 

Taking into account Remark 13.11 and the continuity of the stable foliation, we may 
assume that n G N is large enough so that |/^(if~^(x)) — f^ix)] is sufficiently small in 
order to 7o(/o(3^)) belong to a e sin(6')/4-neighborhood of 7o(y), in the C^-norm. It follows 
that 7^(/^(if """^(x))) and 7o(/o(a^)) are at most 3£:sin(6')/4 apart, in the C^-norm. Finally, 
observing that G'„(x) = Yn{fn{H~^{x))) fl 7^, Gq{x) = 7o(/o(a;)) fl 7q and 7.^ can be made 
arbitrarily close to 79, in the C^-norm (by dUiD ), then, as long as n is sufficiently large, 
we have \Gnix) — Gq{x)\ < e. □ 




yo(foM) 

Tn(fn'(Hn^M)) 



Figure 1. 



Proposition 3.4. The measure {qoo o ttq ^)mo is FQ-invariant. 
Proof. We just have to verify that for every continuous : Aq • 



(V? o Fo)(^oo o tTq ^)c/mo = / v5(^oo o tTq ^)c/mo 



Given such y?, consider a continuous function : M — * M such that 
01^0 = o ttq. Since Jin, = Pn.drfin, is -invariant we have 



< ll^^lloo and 



o n )pn,dmn, 



(3.4) 
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Recalling definitions f l3.ip .( !3^ . the fact that is supported on Qq' C Qq and applying 
Lemmas 13.21 and 12.21 we get 



< 



< 



< 



j {(t)o if~^)^„^(iLeb^o - j {ipo 7ro)^ioo'iLeh 



+ 



?„,(iLe^o 



5oorfLe^o 



< K I \(f)o H~} - 0| rfLeb^o + 



+ Qr 



(iLeb. 



70 



+ Qr. 



Therefore, using ( |UiD for the first term on the right, (13.31) for the second and ( IU2D plus 
Remark 11.21 for the Q term, we conclude that 



(3.5) 



Once we prove the next claim, then equality (13. 4p . the hmit (13. 5p and the uniqueness of 
the limit give the desired result. 

Claim 3.1. y (0 ° ° K^Pn^dmn, — ^ / ° ° ^o^)d'rno. 



Let 



El : = 



Again, using definitions (I3.ip .( l3^ and applying Lemma [3l2l we get 



j {(po G^J^n^rfLeb^o - j {<P° G'o)^'ooC?Leb^o 



Now, observe that by ( IU2D and Remark 11.21 the term Qn^ can be made arbitrarily small 
for large i. This leaves us with the first term on the right that we denotee by E2. Using 
Lemma [2.21 we have 

E2< j 10 o - o Go\ Qn,d~Leh^^ + j {(j) o GQ)Qn,d'Leh^^ - j {(p ° Go)Q^d'Leh. 
<K J IcpoGn,- (poGo\dLeh^o+ j {(p o Go)gn,dLehAff^ - J {(p o Go)goodLehA 



According to equation (13. 3p it is clear that the last term on the right can be made arbitrarily 
small provided i is large enough. So, denote by the first term on the right. Recalling 
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the fact that Qm is supported on I^q' C fio, we have for any N 

oo 

E^<K\\<PU Yl (Leb^o({^n, =n) + Leb^o({^o = n)) 

e=N+i 

N 

+ KII0IU Leb^o({^n, = n A {/?o = i}) 
=1 



N 



+ K / 10 o Gm — o GqM Leb^o . 



Denote by i?4, and -Ee respectively the terms in the last sum. Having in mind ( IU5D 
and Remark 11.21 we may choose G N sufficiently large so that £^4 is small for large i. 
For this choice of A^, by (jUj), we also have that E's is small for large i. We now turn our 



attention to E^. For £ = 1, . . . , A^, let 



Eg = / 1 o - o Go I Inonn"" Leb^o . 

J {R„^=i}n{Ro=i} 

Since is continuous and M is compact then each E^ can be made arbitrarily small by 
Lemma 13.31 □ 

Corollary 3.5. Given G LMj-ieh^^), we have 

iQnd Leb^Q > / 0£'oc^ Leb~,(, . 

Proof. By uniqueness of the absolutely continuous invariant measure for F, it follows from 
Proposition 13.41 that po = Qoc ° 'T^q^ , which immediately yields Qoo = Qo- Hence 

J (j^QriidLehj^ > J (pg^d Lehy^, for all continuous. (3.6) 

The same argument proves that any subsequence of {gn)n has a weak* convergent subse- 
quence with limit also equal to ^o- This shows that {gn)n itself converges to go in the weak* 
topology. Since continuous functions are dense in L^(Leb-y(,), using that the densities gn 
are uniformly bounded, by Lemma [2.21 the result follows easily from (13.61) . □ 



3.2. Continuity of the SRB measures. For each n > let pn be the Fn- invariant 
measure lifted from /i„ as in (12.51) . /i* the saturation of /i„ as in (12.61) . and /i„ = /i* //i*(M) 
the SRB measure. The main goal of this section is to prove the following result. 

Proposition 3.6. For every continuous g : M ^ M., 

/ gdf^n ' / 9dp*o- 

Proof. As M is compact, then g is uniformly continuous and \\g\\oD < 00. Recalling (12. 6p 
we may write for all n G No and every integer Aq 

where fii = f^{fIn\{Rn > ^}) and ?7„ = Y.e>No f*i(^n\{Rn > 0)- By ([U^), we may choose 
A^o so that rin{M) is as small as we want, for all n G No- We are left to show that for every 
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< iVo, if n is large enough then 



17 



is arbitrarily small. We fix i < No and take k E N large so that vai{g{k)) is sufficiently 
small. Then, we use Proposition 12.41 and its Remark 12.51 to reduce our problem to 
controlling the following error term: 



E :-- 



Let ^0 : 7o be such that go = po o ttq ■ and define 



Eo 



I {{igofioF!:ymn.>e}oF!;y) oi/-i)MLeb^o 



{{g o o Fo'=)-(l{^o>,} o F,'y) go dLeh^, 



By Lemma 13.21 we have E < Eo + K\\g\\ooQn- Observe that by ( IU2D and Remark 11.21 
we may consider n large enough so that i^H^'ilocQn is negligible. Applying the triangular 
inequahty we get 



Eo<K ligof^o F^r o - {g o o F^y\ l^^nn-Jheh. 



70 



+ i^ll^llool |(1{K„>.} o F^y o H-^ - (1{^„>,} o F^y\ loonnjfrfLeb^ 

+ Ji9°fo° ^o')'(l{flo>n ° ^0 )' If^onnj (^n - 0o)dLeh^ 
By Corollary 13.51 the term 

y"(^ ° /o ° ^o^)*(l{iio>n ° ^0'')* Mnn- (Qn - Qo) dLeh^, 
is as small as we want as long as n is large enough. The analysis of the remaining terms 
I \{g o fi o Fliy o H,' - {g o o F,'y\ In.nn^^dLeh^, 



and 



1 1 (1|^„>,} o Fl^y o - mno>i} o Fo'^) 
is left to Lemmas 13.81 and 13.91 respectively. 



oFn)'| l^onf^^c^Leb^o 



□ 



In the proofs of Lemmas 13.81 and [3l9] we have to produce a suitable positive integer so 
that returns that take longer than iterations are negligible. The next lemma provides 
the tools for an adequate choice. We consider the sequence of consecutive return times for 

z e A 

(3.7) 



R\z) = R{z) and K''{z) = R(^f 



Lemma 3.7. Given k,N eN 

m{{zeA: 3te {!,..., k} such that R\z) > N}) < kCi m{{R > N}). 
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Proof. We may write 



fc-i 



{zeA: 3t G {1, . . . , fc} such that R\z) > N} = [j Bt 

t=o 

where 

Bt = {zeA: R{z) <N,..., R\z) < N, R'+\z) > N} . 

If R{z) < N,..., R\z) < N then there exist ji, ...jt < N with i?(TjJ < N for every 
/ = 1, . . . ,t and z G T^^ ... j^. Observe that (Tjj_...jJ = A and there is ?/ G such 
that m(A) < JF\y).rh(Tj^^,„jJ. Also^ there exists x G Tj^„..j, n > A^}) such that 

rh{{R > N}) > JF*(x).m(Tj^^...j^ fl F~*{{R > N}). Then, using bounded distortion we 
obtain 

Mr,, n F-'({R > N]) JF'jy) m({R > N}) ^ 

Finally, we conclude that 

\Bt\= Yl m(T,,,...,,, n > AT}) 

ii,...,it:i?(T,,)<Af,«=l...t 

<C,mi{R>N}) Yl M^n,-,.) 

h,...,jt:R(Tj^)<N,l=l...t 

< Cim{{R > N}). 



□ 



Lemma 3.8. Given i,k E N and e > there is J eN such that for every n > J 

/ |(^? ° /n ° ° - (9 ° /o ° ^0 )1 InoncjfrfLeb^o < ^- 

Proof. We split the argument into three steps: 

(1) We appeal to Lemma [3.71 to choose A^ G N sufficiently large so that the set 

L := {x enonn^ : 3t G {!,..., k}Rl{x) > N or Ri{x) > N} 

has sufficiently small mass. 



(2) We pick J G N large enough to guarantee that, according to condition ( IU4D , for 
every k positive integers such that Ro(T^^) < N, for aA\ i = 1, . . . ,k, 
each set T° ■ and its corresponding T" ■ satisfy the condition: T';' • A 
Hn has sufficiently small conditional Lebesgue measure. 

(3) Finally, in each set H Hn {^^ji^.^j,.) we control 

\i9of:oF!:yoH-'-igof^oF,'y\. 

Step (HD: From Lemma O we have \L\ < kCi. {Leh^^{{Ro > A^}) + Leb^„({i?„ > A^})). 
So, by assumption ( IU5D , we may choose A^ and J large enough so that 



2\\g\\o,kCi. (Leb^„({i?o > N}) + Leb^„({/?, > A^})) < |, 



which implies that 



'70 < 3- 



Step ([2]): By ( |PiD (c) it is possible to define V = V{N, k) as the total number of sets ^ 
such that Ri^ji) < A^ for alH = 1, . . . , /c. Now, using ( IU4D , we may choose J so that for 
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every n > J and TT^^ such that Ro(T^^) < iV for alH = 1, . . . , /c then the corresponding 
. that 

Leb^, (Tl_^^ A (T^,,...,J) < V (2max{l, \\g\U)-'. 



T" ,■ is such that 



e 
3 

Under these circumstances we have 



E / , \{gofioF!:yoH;;'~{gof^oF,'y\ln,nn^dLe^,<'-. 



« = 1, . . . ,fc 



Step ([3]): For each i = 1, . . . ,k, let r,-. = Rq{T^.). In each set Tr°^....jj. H Tl'"^,...^,, we have 
that Fq'^ = /o'"^-+'"'= and = /;^+-+^^ Since M is compact, each /„ is and /„ ^ /o, 
as n — i> oo, in the C'' topology then 

• there exists > such that \z - C\ < ^ Igiz) - g{C)\ < | V~^; 

• there exists Ji such that for all n > Ji and z E M we have 

max {|/o(^) - Uz)l . . . , |/o^^+'(;^) - < f ; 

• there exists rj > such that for all z,( ^ M and j E T 

\z-C,\<^^ max{|/(^)-/(C)|,...,|/'=^+'(z)-/'=^+'(C)|}<|. 
Furthermore, according to ( IU3D , 

• there is J2 such that for every n > J2 and x G i^o ("I ^0 have 

Let n > max{ Ji, J2}, ,2 G 7o(a;) and take ( G 7^(x) such that I2; — ^| < r^. This together 
with the choices of 77 and Ji implies 



+ 



Finally, the above considerations and the choice of allow us to conclude that for every 
n > max{ Ji, J2} , x E Qq H Qq and z G %{x), there exists ( G 7^(x) such that 

\9ifn o F^iO) - 9ifo ° F,\z))\ < I V~\ (3.8) 

Attending to (12.41) . (13. 8p and the fact that we can interchange the roles of z and ( in the 
latter, we obtain that for every n > max{ Ji, J2} 

\{9 o fn o F'nY o - {g o o F,'y\ < I V-\ 

from where we deduce that 

E / . Ai9of:oF^yoH-'-{gof^oF,'r\ln,nn^.dLeh^,<'-. 



Ho(TO ) < 
1 < « < fc 



□ 
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Lemma 3.9. Given l,k E N and e > there exists J G N such that for every n > J 

Proof. As in the proof of Lemma [3.8^ we divide the argument into three steps. 
([!]) The condition on A^: Consider the set 

Li = {x enoOn^ : 3t e {l,...,k + l} such that Rl{x) > N or > A^} . 

From Lemma Owe have |Li| < (A; + l)Ci. (Leb^o({^o > N}) + Le^„({i?„ > A^})). So 
we choose A^ large enough so that 

2\\g\\^{k + l)Ci. (Leb^o({i?o > N}) + Leb^„({i?„ > A^})) < |, 

which imphes that 

Let as before V = V{N, A; + 1) be the total number of sets such that 



RC^ji) ^ N for alH = 1, . . . , k + 1. Now, using ( IU4D , we may choose J so that for every 



n > J and such that Ro{T'j.) < A^ for alH = 1, . . . , /c + 1 then the corresponding 



T"; ■ is such that 



Let L2 = TO^,...j,^, A (t^„...j,^,) and observe that 

E I \iMR.>n ° Fn)' ° ' - (l{i?o>n ° ^oT I If^onoffC^Leb^^ < |. 

Ro(Tp < AT 

/ = 1, ...,fc + l 

(I3l) At last, notice that in each set T° fl Hn ( T" ) we have 

which gives the result. □ 

4. Entropy continuity 

In Prop osit ion 12 . 71 we have seen that the SRB entropy can be written just in terms of the 
quotient dynamics. Our aim now is to show that the integrals appearing in that formula 
are close for nearby dynamics, and this is the content of Proposition 14. 4[ Notice that since 
the integrands are not necessarily continuous functions, the continuity of the integrals is 
not an immediate consequence of the statistical stability. 

4.L Auxiliary results. 

Lemma 4.1. Let {(pn)neN be a bounded sequence of m-measurable functions defined on M 
belonging to L°°{m). If —>■ in the L^{m)-norm and ip G L}{m), then 

ip{(fn — <f)dm 0, when n ^ 00. 
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Proof. Take any e > 0. Let C > be an upper bound for ||v?n||oo- Since ip ^ L^{m), there 
is (5 > such that for any Borel set -B C M 

m{B) < 5 =^ j \tp\dm<^. (4.1) 

Define for each n > 1 



Since \\ipn — V'olli when n oo, then there is € N such that m(i?„) < 6 for every 
n > no- Taking into account the definition of Bn, we may write 



/ 



(pn-^o\dm= / \^p\\(pn - (po\dm + / \ijj\\(pn - (po\dm 

J Br, JM\Br, 

<2C [ \ij\dm+-^ [ \^\dm. 



Then, using (14. ip . this last sum is upper bounded by e, as long as n > uq. □ 

Lemma 4.2. There is C2 > such that log J-F„ < C2 Rn for every n > 0. 

Proof. Define = max^-gAfll det Df^{x)\}, for each n > 0. By the compactness of M and 
the continuity on the first order derivative, there is L > 1 such that < L for all n > 0. 
We have 

R,^{x)-l 

|detD(F„r(x)|= n |detD/:(/;^(x))| <L«"(-). 

j=0 

By (ESI) it follows that 

logJ(Fj(x) = log|detDF„"(x)| +logM(F„(x)) -logM(x). 
Observing that by ( [PsD fa) it follows that | logu(F„(a;)) — logu(a;)| < 2C/3° = 2C, we have 

\ogJ{Fn){x)<Rn{x) logL + 2C. 
To conclude, we take C2 = log L + 2C. □ 
Lemma 4.3. Given e > 0, there is J ^ N such that for all n > J 

I Rn — Rq I d Leb^Q < £ 

Proof. Let £ > be given. Using condition ( IU5D and Remark II. 2^ take > 1 and 
J = J{N, e) > in such a way that YI'jLnJ Leb^(,{-R„ = j} < £^/3 and Y1^=n 3 Leb-y(,{i?o = 
j} < e/S. Since 

00 

-^n = ^ l{Rn>j}> 
j=0 
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we may write 
\\Rn ~ -Roll: 
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< 



7V_l AT-i AT-l 

\Rn - ^{Rn>j} + i'^iR«>j} ~ l{-Ro>i}) + Yl ^iRo>j} - ^o||i 

j=0 j=0 j=0 

oo N—1 oo 

I ^iR«>j}\\i + Y l|l{«">i} ~ l{«o>j}lli + II Y ^{■Ro>i}|li 

j=N j=0 j=N 

oo N—1 oo 

= II Y MRn>j}\\l + Y \\MRn<3} - l{i?0<j}l|l + II Y l{«0>j}||r 

j=N 3=0 j=N 

By the choices of and J, the first and third terms in this last sum are smaller than e/3. 
By ( IU4D , increasing J if necessary, we can make Leb/yp ({-R„ = j}A{_Ro = j}) sufficiently 
small in order to have the second term smaller than e/3. □ 

4.2. Convergence of metric entropies. Our aim is to show that /i^^ h^^ as n ^ 00, 
which by Proposition 12.71 can be rewritten as 



cr„ ^ /_ log JF„ d^ri — ^ o-g ^ /_ log JFq duo, as n 00. 

J An JAq 



(4.2) 



Observing that cr„ = Rndfin = f^ni^)^ then by Proposition 13.61 we have cr^ ctq, as 
n — ^ 00. Hence, f l4.2p is a consequence of the next result. 



Proposition 4.4. / log JF^ dfXn 



log JFq dfiQ as n ^ 00. 



Ao 



Proof. The convergence above will follow if we show that the following term is arbitrarily 
small for large n G N. 



E :-- 



/ (log JFnO fcn) {pn o VTn) d Lehy„ - / (log JFq o ttq) Leb^^^ 



Recall that f?o = Po ° ttq and Qn = Pn° T^n o -f^„ S for every n G N. Define 

£"0:= / (logJF„o7r„oif-i)^„d(if„)*Leb^„- / (log JFq o 7ro)^io c^Leb, 

By Lemmas 12.21 and 14.21 we have 

E<Eo + KC2 RndLeh^„+KC2 RodLeh^^ . 



Since Rq G L^(Leb^Q), then, by (jUJ) and Remark [T72| for large n, we may have Leb;yo(fio^^o) 
small so that J^^\^Qn RodLehx^g becomes negligible. Now, for each N eN 



Rnd Leb^„ < 



d Leb^^ + 



R„d Leb^ 



{Rn>N} 



Using condition ( IU5D we may choose so that for all n G M large enough the quantity 
/|^^>^|-RnC?Leb^„ = Y.j=N+i3^^^iQ{Rn = j} is arbitrarily small. Again, using (jU^), if 
n G N is sufficiently large then J^„^^^ (iLeb^g is as small as we want. Therefore, we are 
reduced to estimating Eq. 
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Note that by definition C fio- Having this in mind, we split Eq into the next three 
terms that we call Ei,E2, E3 respectively. 



En < 



(log JF„ o 7r„ o if^ )g^d{Hn)*Leh^^- / (log JFq o 7ro)^„ c?(if„)* Leb^,^ 



(log JFo o 7ro)^„(i(iJ„)^Leb^^ - / (log JFq o vro)^^ rfLeh 



^70 



+ 



(log JEq o 7ro)f?„ d Lehj 



70 



(log JEq o 7ro)f?o Leb 



70 



Concerning E2 , using Lemma 12.21 and Lemma 14.21 we have 



Eo < 



log JFo||^„ 



dLeh 



70 



dLeh. 



70 



< KC2 / i?, 



d{Hn)* Leb^ 



ciLeb, 



70 



ciLeb, 



70 



Now, Remark 1 1.2 1 and Lemma HIT] guarantee that E2 can be made arbitrarily small for large 
n eN. Using Corollary 13.51 E^ can also be made small for large n. We are left with Ei. 
By Lemma 12.21 and Remark 11.21 we only need to control 



|(logJF„o7r„oiJ^i) - (log JFo o 7ro)| c/Leb^ 

'Qf'jnQo 

whose estimation we leave to Lemma 14.61 



70 



□ 



Remark 4.5. Assume that 7„ is a compact unstable manifold of the map /„ for n > and 
7„ ^ 7o, in the topology. The convergence of to /o in the topology ensures that 
given £ G N and e > there exist 6 = 6{i, e) > and J = J{6) G N such that for every 
77, > J, X G 7o and y E with \x — y\ < 6 



max^ \fl{y) - /J(x)|, | logdet(D/;^)^(y) - log det(2?/o^)'^(x) 
3=1,..." 



< e. 



Lemma 4.6. Given any e > there exists J G N such that for every n > J 



(log JF„ ojf^oH^ ) - (log JFo o TTo) dLeh^o < e. 



Proof. Let e > be given. For n, N E N define An,N = {Rn < A^} n {Rq < N} and 



4 = 



I 



{Rn > A^} U {Rq > N}. By Lemma 112] we have 

I (log JEn o Tin o H;^^) - (log JFo o ^0) I d Leb^o < C2 



Co 



Rn d Leb^p 
i?o d Leb^g 



Since Rq G L^(Leb^o), there is 5 > such that if a measurable set A has Leb^Q(y4) < 6, 
then J^RQdLehAfg < e/{4:C2). According to ( IU5D , we may pick A^ G N and choose J G N 
such that for every n > J we get Leb^(,(A^^) < 6. This implies that the second term on 
the right hand side of the inequality above is smaller than e/4. The same argument and 
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Lemma 14.31 allow us to conclude that for a convenient choice of iV G N and for J G N 
sufficiently large 



C2 / RndLehxff^ < C2 / i?o<^Le^o+^2 / \Rn — RoldLehAf^ < -. 

So, assuming that has been chosen and J is sufficiently large so that 

/ |(logJF„o7r„oi:f-i) - (log JFoOTTo)! c/Leb^o<e/2, 

we are left do deal with 

/ I (log JFnOTX^O iJ^^) - (log JFq O VTo) I d Lcb^Q < 

XI / |(logJF„o7r„oiJ-i) - (logJFoovTo)! l^nnQoC^Leb^o 
+ 5^ / |(logJF„ 

i:i?o{TO)<Af"' ^'"^^^ 

Denote by 5*1 and 5*2 respectively the first and second sums above, and v the number of 
terms in 5"! and 82- By Lemma [4.21 we have 

S2<C2 ! {Rn + Ro)ln-nnonA,,,^dLeh^, < 2C2iVLeb^„(T°ATn. 



Hence, using ( IU4D we consider J G N large enough to have Leb^(,(T°AT") < e/{8C2Nv), 
and so 5*2 < e/4. 

Let Ti = i?o(T°) = _R„(T") < A^. We want to see that for all n large enough and all 
a; G TO n with 7^, < 

I (log JFn o 7r„ o H-^) {x) - (log JFo o ttq) (x) I < £/4t;, (4.3) 

which yields 5*1 < e/4. Using (12. 3p and observing that the curves 7n,7o are the leaves we 
chose to define the reference measures m„,mo, then we easily get for y = H~^{x) 

|logJF„o7r4y)-logJFoovro(x)| < |logdet(D/„-0"(z/) - logdet(D/;0"(^)l 

+ I logUnUniy)) - logMo(/o'(x))|. 

Using Remark 14.51 with i = N and e/Sv instead of e, and recalling that Tj < A^, we may 
find 6 > and J G N so that for all n > J 

\\ogdet{Df:riy) - \ogdetiDf^Ti^)\ < e/^v. (4.4) 

Observe that |x — y| < 5 as long as J is sufficiently large, since x = Hn{y). 
For every n. A; G Nq and t G A„, let 



u: 



■M - n 
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By definition of (see fl2.ip ) and by ( |P3D (a), there is A; G N sucli tliat for every n G No 
and t G A„ we have | log Un{t) — log'U^(t)| < e/{A8v). Thus, 

|log«„(/:'(y))-log^o(/o'(x))| < \\0gUn{rn{y))-'^0guUf:'{y))\ 

+ |log^^(/-(y))-lognS(/o^»(x))| 
+ |log«o'(/o'(a:))-logno(/o^^(x))| 

k 

< \logdetDf:{fl{C)) - logdet Df^{fl{z))\ 

j=0 

k 

+ ^ I log det Df:{fl (0 ) - log det Df^{f^ {z) ) 

j=0 



where z = /o'(x), ( = fniv), ^ is the only point on the set 70(2^) H 70 and ( is the unique 
point on the set 7^(C) H 7„. 

Observe that since 7„ 70 and /„ fo in the topology, and Tj < A^, then 7^(C) 
7q(2;), in the topology. Besides, using Lemma [3.31 we also have 1-2 — CI small as we 
want for J large enough. Consequently, by Remark 14.51 we may find J G N sufficiently 
large so that for all n > J, we have 

k 

\logdetDf:{fi{0) - \ogdet Df;}{f^{z))\ < e/{24v). (4.5) 

j=0 

and 

k 

J2 |logdetD/„"(/;i(C)) - logdetD/o"(/i](i))| < e/{24v). (4.6) 

j=0 

Estimates (|13!),(|13!) and gj]) yield g^D- □ 
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